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Simon Newcomb (1835-1909), the most famous American as-
tronomer of the times noticed that first pages of library loga-
rithm tables are much more worn and dirty than later pages. 
His conclusion was that numbers beginning with “1” were 
looked up more often than those beginning higher digits, 
“2” to “9”. In 1881 he published his observations and conclu-
sions in a paper entitled “Note on the Frequency of Use of the 
Different Digits in Natural Numbers” in The American Journal 
of Mathematics, but his paper remained unnoticed.

Frank Benford (1883-1948), physicist at General Electric, 
re-discovered the law. Watching log tables he came to the 
same conclusion as Newcomb and in 1938 published an arti-
cle called “The Law of Anomalous Numbers” in Proceedings of 
the American Philosophical Society. From 1929 till 1934 Frank 
Benford has analyzed more than 20,000 samples from about 
20 datasets containing numbers observed in environment.

Benford’s Law investigates the frequency distribution of 
digits in a given data set. It states that if we randomly select a 
number from a table of physical constants or statistical data, the 
probability that the first digit will be a “1” is about 0.301, rather 
than 0.11 as we might expect if all digits were equally likely. 
The following formula, which was first proposed by Newcomb, 
represents the probability of the first digit being a “d”:
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Table and graph below you shows the frequency of leading di-
git from „1” up to „9”. As we can see the frequency that the first 
digit will be „1” is 30.10%, while for digit “9” it is only 4.58%.

application of the first diGit 
laW in crediBility eValuation of 
the financial-accountinG data 
Based on particular cases

Tadeusz Grabiński, Marzena Farbaniec, Bartłomiej 
Zabłocki, Wacław Zając

aBSTRaCT 
keywords: Benford’s distribution, 
Benford’s law, first digit law, fraud 

The article presents the use of 
Benford’s law to detect po-
tential fraud, errors and other 
irregularities in the finance data 
sets. Authors take into account 
twelve different financial cases in 
order to identify the areas that 
require detailed analysis. Results 
have been discussed in details, 
including graphs and available 
statistics as well as created for 
the research purpose. The article 
contains the essence of Benford’s 
law, description of the sets that 
follow mentioned law, statistical 
tests and measures of compliance 
two distributions. In the last part 
of the paper authors focused on 
presenting areas where Benford’s 
law can be used as a diagnostic 
tool in detecting anomalies in a 
sequence of numbers.

PReglednI člAnAk 
Udk: 657.632 ; 343.53

prof. dr hab. Tadeusz Grabiński i sardnici: mgr Marzena Farbaniec; gr Bartłomiej Zabłocki, mgr Wacław Zając, 
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8

Figure 1 - Frequency of leading digit.

Table 1 - Frequency of leading digit.
leading digit frequency

1 30.10%
2 17.61%
3 12.49%
4 9.69%
5 7.92%
6 6.69%
7 5.80%
8 5.12%
9 4.58%

total 100.00%

This counter intuitive result applies to a wide variety of figures, 
from many real life sources of data, including electricity bills, 
street addresses, stock prices, population numbers, death rates, 
lengths of rivers, physical and mathematical constants.

Benford Law can be analyzed not only in terms of the first si-
gnificant digit (F1 test), but also for the first two significant digits 
(F2 test) and the first three significant digits (F3 test). The first for-
mula is used to calculate the sequence frequency of digits (n-ele-
ment combination of numbers) at the beginning of the number.
Probability P{D} that the number starts with the sequence {D}:

{ } .11log:,, 10321 
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Probability that the second (D2) and third (D3) significant digit of 
a number in the decimal system is d:
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Probability that the last digit of a number in the decimal system is d:
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In any case, a close conformity to Benford’s Law can generally be 
expected, if certain conditions are fulfilled (Nigrini 2000):

1. All data must be recorded in the same physical unit. This 
implies that all data must describe the same (factual) situ-
ation. For example, both prices and quantities should not 
be captured in one data set.

2. The data set may not contain any inherent minima or max-
ima. In particular, this means that there may be no limits 
that determine whether a data point is or is not included in 
the investigated data set. For example, a data set may not 
contain only accounts in excess of €400, because smaller 
accounts are booked through another account.

3. The data set may not include any assigned numbers. As-
signed numbers serve the purpose of identification and 
do not therefore arise from any “natural” process. Bank 
accounts, personnel and telephone numbers, thus most 
likely do not conform to a Benford distribution.

4. A data set should tend to have more small than large num-
bers, which also accords with the “natural” development 
process. For example, it can be expected in general, that 
small invoices are found more often than large ones. None-
theless, the data set does not have to be dispersed widely 
(Raimi 1976), (Rodriguez 2004).

In case a Benford Set is constituted, one could observe three ma-
jor characteristics:

5. Scale invariance: multiplying all values in the Benford Set 
by any constant yields another Benford Set, as demonstrat-
ed by Pinkham (1961). This is particularly relevant with re-
spect to currency conversions.

6. Base invariance: Hill (1995b) was able to provide evidence 
that Benford’s Law applies not only to numerical systems 
with a basis of 10, but in all other numerical systems as well.

7. Invariance in mathematical operations: raising to powers, 
multiplication and division (Hamming 1970, p. 1616; Schatte 
1988, p. 446; Boyle 1994, p. 883) as well as addition and sub-
traction (Hamming 1970, p. 1621; Schatte 1988, p. 448) of Ben-
ford Sets with one another lead to a new Benford Set.
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BenFORd LaW uSaGe

Benford’s is used in the accounting profession to detect 
fraud.  Because data like tax returns and check registers fol-
low Benford’s, auditors can use it as a high-level check of a 
data set.  In case of any anomalies, it may be worth to pay 
more attention to this particular area as potential fraud.

• Credit card fraud
• Money laundering
• Computer intrusion
• Telecommunications fraud
• Accounting

Scientists from Australian National University in Canberra have 
discovered natural phenomena: the depths of almost 250,000 
earthquakes that occurred worldwide between 1989 and 2009, 
the brightness of gamma rays that reach Earth as recorded by 
the Fermi space telescope follows Benford Law. This indicates 
that First Digit Law usage doesn’t have to be narrowed only to 
financial field. Many sources indicate also following areas:

• Election fraud
• Verification of statistical data
• Medical and scientific fraud
• Computer data storage architecture design
• Computer graphics – modification detection

deTeCTed FRaud in aRiZOna in 1993

In Arizona, 1993 Wayne James Nelson was found guilty of at-
tempts to defraud the almost two million dollars from the 
state fund. During the process, Nelson tried to convince the 
court to his innocence, claiming that the funds were trans-
ferred to a fake supplier. This would indicate the lack of 
the adequate security in the new computer system. 
Because human choices are not random, it is unlikely that the im-
aginary value (invented by someone) followed Benford’s Law. 

Below are shown some signals that may indicate decep-
tion in this case:

• He started with smaller amounts and started to increase it;
• Most of the amounts were just below $100 000;
• The digit patterns were almost opposite to Benford’s 

Law distribution – over 90% of the values had 9, 8, 7 
as first digit;

• None of the check amounts were duplicated;
• There were no round numbers.

Figure 2 - Fraud in Arizona.
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Nelson unconsciously repeated some of the numbers and combina-
tions of numbers. Among the first two digits of the value of checks 
combinations: 87, 88, 93 and 96th were used twice. In the last two di-
gits: 16, 67 and 83 are reproduced. It has a tendency to peel the 
higher numbers, which is contrary to the Law of Benford. A total 
of 160 digits were used in 23 numbers. The number of individual di-
gits ranging from 0 to 9 switches as follows: 7, 19, 16, 14, 12, 5, 17, 
22, 22 and 26. Financial Controller familiar with Benford’s Law, by 
examining these figures at once sees that they do not overlap with 
the model, and therefore deserve deeper consideration.

Graph 1 - F1 test: Nelson vs. Benford.

Graph 2 - All digits used by Nelson.
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MeaSuReS OF FiT

Table 2 presents measures of compatibility between empirical 
and theoretical distribution, which follows the Benford law. Tests 
that have been taken into account are summarized below.

Tabel 2 - Measures of fit. Own Analysis.
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anaLYSiS

We have analyzed 12 different financial data sets obtained from 
various economic areas (transport, cosmetic, photographic, phar-
maceutical etc.). Each of them was examined for compliance with 
first digit law. In order to analyze data we have created Excel tem-
plate containing several macros using VBA code. Thanks to that 
tool we were able to compare results of each case using the same 
measures. Complete analysis result contains most important dis-
tributions: Chi-square test, Z-test, Kolmogorov-Smirnov test.

Benford Excel Analyzer is divided into two sheets:
• Bf_input
• Bf_output_h

First sheet is used to operate on input data and manage macro 
options. First and most important feature is including F2 and F3 
tests. Full analyzing process takes a few minutes (depends on 
amount of data, computer performance etc.). In order to perform 
quick analyze we can disable those features.

In some cases auditors have to focus on particular type of data. 
Benford Excel Analyzer allows to exclude some percentage of 
smallest or/and largest values from population.
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Macro is designed by default to skip negative values. But another 
option allows analyzing absolute value from negative numbers:

It is also possible to set values for particular non-compliance pa-
rameters. Those will be used in bf_output_h sheet in Z-Test table.

Last option allows managing histogram options. There is possibility to 
change number of rejected min and max values for each interval. The 
histogram is printed after performing analyze on bf_output_h sheet.

In order to perform analyze user has to push ‘Analyze!’ button.
Macro goes trough data and includes only entities which meet 
the criteria set in bf_input sheet. Firstly the detail tables for every 
included test are filled in with data.
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Based on partial data – detail tables for every test – a summary ta-
ble is composed. It contains comprehensive information, taking into 
account the particulars. The summary table includes the following 
information: number of observations for every test, M1-M5 meters, 
correlation coefficient, Chi-square test, Z-test, Kolmogorov–Smir-
nov test and statistical parameters: minimal and maximum values, 
average value, standard deviation, kurtosis and skewness.

Current example was chosen as the worst-fitting one from the set 
of twelve data sets. It contains integer values of sales invoices of 
financial company (company name is confidential). Following fi-
gure – another tool option – compares graphically empirical and 
theoretical data. As it is shown – in some cases there are signifi-
cant deviations:

Graph 3 - Benford test graphs.

The table below contains summarized Z-test values which mea-
sures compliance of Benford tests with empirical values. Second 
part of the table shows rank for particular test result (the ranks 
are customizable in bf_input sheet).
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Graph 4 - Z-test details.
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Very useful might become charts of the empirical values of Z-test:

Graph 5 - Z-test graphs.

They can be compared with corresponding graphs of Ben-
ford distribution:
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Graph 6 - Comparison of Benford F3 test graph and Z-test (F3) graph.

 
Abnormal values should turn on warning light and focus audi-
tors special attention.

Below analysis concerns dataset containing polygraph com-
pany sales invoices. Dataset is considered as best-fitting to Ben-
ford’s Law (from 12 sets). As it is shown for Chi-square test only 
two from six values contains the critical set (in case of FV3 data-
set all 6 values were statistically insignificant).

Considering Z-test results it is concluded that in only 10 cases 
values reach critical value (level of significance 0,05) and in 3 
cases on level of significance 0,01.
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The same summary in previous dataset showed respectively 94 
and 76 ill-fitting values.

Also graphs aren’t showing any bigger differences between 
empirical and theoretical values:

Graph 7 - Benford test graphs.

Table 3 contains binary rank in chi-square test where “1” sta-
tes that statistic value is less than critical one. It is impossible to 
declare which sample is the best and the worst fitted to Benford 
Law based only on below table. In order to enable creating such 
a conclusion, a new statistic has been built.

Table 3 - Evaluation of binary rank. Own analysis.
chi-square f1 f2 f3 d2 d3 sum

fV 1 0
fV 2 1 1 1 3
fV 3 0
fV 4 1 1 2
fV 5 1 1 1 1 4
fV 6 0
fV 7 1 1 1 3
fV 8 0
fV 9 1 1

fV 10 1 1
fV 11 0
fV 12 0
sum 2 3 0 5 4 14
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Empirical values of Chi-square, KS1, KS2 and KS3 were divided by 
critical values at 0,05 confidence level and averages of new statistic 
were calculated. Then data sets and tests were arranged by decrea-
sing values of the calculated averages. With this ordering, cases that 
are the worst in terms of fit to Benford’s Law can be found at the top 
and tests that are the most restrictive at the left of the Table 4.

Table 4 - Quotient empirical values to critical values. Own analysis.
chi-square f1 f2 f3 d2 d3

fV 1 2,23 3,05 2,84 3,37 6,96
fV 2 0,83 0,97 1,59 0,90 14,42
fV 3 21,26 46,04 14,57 34,69 13,59
fV 4 2,79 2,35 2,50 0,72 0,96
fV 5 0,93 0,97 1,20 0,65 0,24
fV 6 2,85 3,04 3,04 6,81 23,25
fV 7 1,06 0,93 1,08 0,55 0,43
fV 8 5,74 3,44 1,78 5,66 6,92
fV 9 1,84 1,04 2,44 0,61 33,36

fV 10 3,01 2,26 1,40 2,23 0,38
fV 11 8,57 12,23 12,68 11,18 68,18
fV 12 6,80 10,20 11,84 30,00 162,57

The results of the analysis indicate that data sets FV5 and FV7 are 
best suited to Benford Law while the FV3, FV12 and FV11 are worst 
fitted. Benford distribution usually is indicated by a test D2 and then 
by F1. Tests F2 and F3 are more restrictive and less likely to indica-
te the compatibility of the empirical distribution with the Benford 
Law. These conclusions were drawn based on all four tests.

Table 5 - Ranking of the cases. Own analysis.
chi-square ks1 ks2 ks3

fV 12 FV 3 FV 3 FV 3
fV 3 FV 12 FV 12 FV 12

fV 11 FV 4 FV 4 FV 11
fV 9 FV 11 FV 11 FV 4
fV 6 FV 10 FV 10 FV 10
fV 8 FV 6 FV 6 FV 6
fV 2 FV 1 FV 1 FV 1
fV 1 FV 8 FV 8 FV 8
fV 4 FV 9 FV 9 FV 7

fV 10 FV 7 FV 7 FV 5
fV 7 FV 5 FV 5 FV 9
fV 5 FV 2 FV 2 FV 2
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Table 6 - Ranking of the tests. Own analysis.
chi-square d3 d2 f2 f1 f3

ks1 F3 d3 F2 F1 d2
ks2 F3 d3 F2 F1 d2
ks3 F3 d3 F2 F1 d2

Table 7 - Chi-square test. Own analysis.

chi-square 

test

average of 
empirical value/

critical value

coefficient of 

variation
kurtosis skewness

number of 

observations

fV 12 44,28333 1023,4 2616,7 43,4 11413,0
fV 3 26,03 93,5 52,6 4,7 7418,0

fV 11 22,56901 273,5 238,3 13,8 10554,0
fV 9 7,858322 138,6 12,6 3,1 5725,0
fV 6 7,797671 341,5 63,7 7,3 3119,0
fV 8 4,706227 227,7 52,5 5,6 2107,0
fV 2 3,741125 139,3 14,3 3,3 2500,0
fV 1 3,688095 5509,9 3732,1 61,1 3733,0
fV 4 1,863544 3858,5 4346,5 64,6 10115,0

fV 10 1,857738 206,8 393,2 15,6 4884,0
fV 7 0,808691 120,4 45,2 4,7 7999,0
fV 5 0,797011 126,9 51,2 5,0 10914,0

Table 7 combines the averages of empirical values divided by 
critical values, parameters of the distribution: coefficient of va-
riation, kurtosis, skewness and sample size. In order to verify de-
pendence between values, the correlation matrix was calculated 
and presented in Table 8.

Table 8 - Chi-square test - Correlation matrix. Own analysis.
correlation 

matrix
average emp./

critic.
coeff. of 
variation kurtosis skewness no. of 

observations
average emp./

critic. 1,000 -0,149 0,101 0,122 0,459

coeff. of 
variation -0,149 1,000 0,907 0,908 0,000

kurtosis 0,101 0,907 1,000 0,993 0,259

skewness 0,122 0,908 0,993 1,000 0,258

no. of 
observations 0,459 0,000 0,259 0,258 1,000
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As might be expected there is a large correlation between coefficient 
of variation, kurtosis and skewness of 0.9. What might be intere-
sting there is no correlation between distribution parameters and 
the degree of conformity with Benford distribution. There are traces 
of dependencies between sample size and the degree of match of 
0.5, which means that larger sets are less fitted to Benford law.

COnCLuSiOn

As you already find out, Benford`s Law can be used as a tool for 
the analysis of financial and accounting data. It has been shown 
that presented macro gather and count the most important me-
asures and how they should be interpreted. But, during the 
analysis of data using methodologies presented in the case of de-
tection, of deviations and anomalies is not evidence in criminal 
proceedings. This is the premise that data should be subjected 
more careful with detailed examination, because there is a high 
probability that they were manipulated.

However, Benford`s Law is not only used to check the finan-
cial data. So far, it has been used for:

• Detection of false data or unintentional accounting error;
• Detection of tax fraud;
• Analysis of stock market data (prices and trading of securities);
• Analysis of the prices of goods on Internet auctions;
• Assessment of the clinical efficacy of drugs;
• Designing a storage architecture for computers;
• Distinguishing between actual photographs from the 

graphics generated by computer programs (where the 
actual images pixel value should be consistent with Ben-
ford distribution);

• Analysis of the accuracy of the estimates of claims in insu-
rance companies;

• Assess the reliability of fines and financial penalties which 
are imposed in court (correctly determined the size of the 
fine should reflect the size of the damage and not hover 
around arbitrarily set limits in the legislation),

In 2010, Polish Ministry of Finance announced a tender for the 
application, which between other will use Benford’s Law to 
analyze the collected data. This is one of the first steps taken by 
the government to use this Law in practice. In the offer, the requ-
irement is described as: “The use of Benford’s Law (which was 
based on an analysis of the sequence numbers) to detect possible 
errors, potential fraud or other irregularities”.
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Not so long ago it was said that the emission of toxic gases 
by Poland, exceeding the standards accepted by the Europe-
an Union. Thanks to Benford’s law, we can check whether the 
data collected by the EU on the issue of all EU countries are in 
line with the norm and do not correspond to any deviations. 
The same applies to agricultural subsidies. It is known 
that the size of agricultural subsidies granted in accord-
ance with the amount held by the farmer’s field. So if the ad-
ministration will report more acres, farmer will get more 
money. This practice is often used by people who bribe the 
government worker, to fill in the appropriate box the inad-
equate data. The farmer gets more and whole society losses. 
Using Benford’s Law, collected in the collection of informa-
tion, we are able to detect abnormalities related to the size of 
grants awarded. In other words we are able to verify the data. 
Another example of the use of the Law may be the Central Statis-
tical Office, which collects most of the areas of life, and some sites 
of public and private life. 

Taking into account the fact that the use of Benford’s Law is very 
broad, our research and analysis that currently we serve to pro-
vide the tools for deep statistical analysis. These examples, meth-
odology and conclusions will be gathered into one coherent book. 
There is, at this point, not even a single polish publication, which 
would gather information about the possibilities of using Benford’s 
Law. There are plenty of articles and works connected with it, but 
if you would look for a scientific publication - it does not exist. 
The usefulness of Benford’s Law in finding unfairness is justified 
by the fact that in general people can not fabricate random data, 
even if they try to hide it. Usually prefer a uniform distribution 
with a median (middle value), located in the middle of the area 
variance. There are descriptions of experiments in which people 
were asked to have done at home approximately 200 coin throws 
and recorded the following results. People who simulated throw 
where shown that they almost never generate a 6-7-element se-
ries only eagle or only tails. In fact the appearance of 200 throws 
like this is highly unlikely.

By analyzing the relative frequency of certain numbers, you 
can get the initial results indicating the irregularities that the 
traditional methods of analysis are likely to remain undetect-
ed. Analysis of digits can be used, for example, when check-
ing overall probability of such items as: investment, payment 
for purchases, accounting marketing, pricing content ware-
houses, account of costs. Compliance with Benford’s rule does 
not automatically mean that analyzed data were not subject to 
outside influences. However, the lack of compliance with the 
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above principle generally indicates inefficiency, system-
atic errors or message manipulation. Patterns of numbers 
and figures obtained from the detailed analysis may allow 
detected in the data items or other errors. The data sets 
which do not follow Benford`s Law, may prove to be ex-
tremely suspicious.

We are currently conducting tests of the random number gen-
erator according to Benford’s distribution, whose task is to gener-
ate only numbers worthy of our assumptions (F1, F2, F3, D2, D3 
and contamination of the digits in the number of indicated percent) 
Our goal to further data analysis the possibility of using Ben-
ford’s law, and finally - creating a web application, whose 
task allow for quick and clear analysis of the data entered 
by the user. At the end of 2012 we will probably finish de-
veloping and release first version on benford.pl website. 
Moreover, our study will focus not only on creating the appli-
cation. We are in the stage of writing a monograph, which will 
gather our tests and examples, and all information related to 
Benford’s Law. 

PRiMena ZakOna 
PRve CiFRe u OCeni 
kRediBiLiTeTa 
FinanSiJSkih 
POdaTaka  
ReZiMe 
ključne reči: : Benfordova distribu-
cija, Benfordov zakon, zakon prvog 
broja, prevara

članak je prezentacija upotrebe 
Benfordovog zakona na otkrivanje 
potencijalnih prevara, greški i drugih 
neregularnosti u setu finansijskih 
informacija. Authori uzimaju u obzir 
dvananaest različitih finansijskih slu-
čajeva kako bi identifikovali oblasti 
koje zahtevaju detaljnu analizu. Re-
zultati su detaljno diskutovani, uklju-
čujući grafiku i statistiku neophodnu 
za istraživačke svrhe. U članku se 
govori o suštini Benfordovog zakona,  
deskripciji serije podataka na kojima 
se demonstrira zakon, statističkim 
testovima i meri saglasnosti distribu-
cija. U poslednjem delu teksta autri 
se folkusiraju na prezentacije oblasti 
gde se Benfordov zakon može kotisiti 
kao dijagnostičko sredstvo detekcija 
anomalija u numeričkim. nizovima.
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